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Abstract
The waist size of a cusp in an orientable hyperbolic 3-manifold is the length of the shortest nontrivial curve
in the maximal cusp boundary generated by a parabolic isometry. A variety of results on waist size are
proved. In particular, it is shown that the smallest possible waist size, which is 1, is realized only by the cusp
in the "gure-eight knot complement.  2001 Elsevier Science Ltd. All rights reserved.
MSC: 57M50
Keywords: Hyperbolic; 3-Manifold; Cusp; Figure-eight knot; Waist size
1. Introduction
Given a hyperbolic 3-manifold M, its fundamental group is realized as a discrete set of
"xed-point free isometries of hyperbolic 3-space. If any of these isometries are parabolic, the
manifold is noncompact and contains one or more cusps, such that, when the manifold is lifted to
hyperbolic space, each cusp lifts to a disjoint set of horoballs. Assuming that the fundamental
group of the manifold is non-elementary, any single cusp can be expanded until it "rst touches itself
on its boundary. This is called a maximal cusp. One can then measure the length of the shortest
nontrivial curve in the maximal cusp boundary that does not pass through the points of tangency
of the maximal cusp boundary with itself. In the case that the cusp is orientable, this curve will
correspond to a parabolic isometry in the fundamental group. Here, we introduce the terminology
waist size for the cusp C in M to represent the length of this curve in the cusp boundary and we
denote it byw((M,C)). In the case that a manifold has only one cusp, it will be denoted byw(M), and
0040-9383/01/$ - see front matter  2001 Elsevier Science Ltd. All rights reserved.
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we will refer to the waist size of the manifold. Given a knot in a compact 3-manifold with
hyperbolic complement, we will refer to the waist size of the knot.
LetM be the set of all pairs of a "nite volume orientable hyperbolic 3-manifold with a speci"ed
cusp within that manifold. Then w is a map fromM to R. This paper is an investigation into the
properties of the map w.
In Section 2, we will "rst show that w mapsM into x: x*1. The main result of the paper is
that there is a unique manifold/cusp pair such that w((M,C))"1, that being the "gure-eight knot
complement with its only cusp. Note that this is not the only place in hyperbolic 3-manifold theory
where the "gure-eight knot pops up. For instance, Reid proved that the "gure-eight knot
complement is the only arithmetic hyperbolic knot complement in the 3-sphere [11]. It has been
conjectured since 1978 that the "gure-eight knot complement and its sibling manifold are the
unique noncompact orientable hyperbolic 3-manifolds of minimal volume. A recent preprint of
Cao and Meyerho! [6] proves this fact. Note that the sibling manifold has waist size 2.
In a subsequent paper [4], it will be shown that the initial values of w((M,C)) near 1 are discrete.
The next two values in the spectrum of values after 1 will be determined and it will be proved that
the uniquely corresponding manifolds are the 5

knot complement, with waist size approximately
1.15, and the manifold obtained by (2,1)-Dehn "lling on one cusp of the Whitehead link comp-
lement, with waist size approximately 1.18.
Note that the function w is not "nite-to-one. For instance, start with any hyperbolic knot
complement and take cyclic covers, unwinding the meridian. For all cyclic covers of index greater
than some constant, the shortest curve in the cusp will then be the lift of the longitude, meaning that
all of these hyperbolic manifolds will have the same value for w(M). In fact, even if we restrict to the
set of all manifold and cusp pairs such that the volume of the manifolds is less than some "xed
bound <

, in"nitely many manifold/cusp pairs can have the same waist size, as we will see in
Section 2. In that section, we will also show that w(M) is unbounded.
On the other hand, let K be the set of hyperbolic knot complements in S. We will also
investigate the properties of w(K). The 2 Theorem of Gromov and Thurston (see [5]) implies that
the meridian of a knot must correspond to a curve in the maximal cusp of length no more than 2.
Hence, 1)w(K) 2 for knots.
Moreover, in [2], it was proved that ifM is restricted to be a 2-bridge knot, then 1)w(M)(2.
Since any one of the three cusps in the Borromean rings has a waist size of 2, one can do surgeries
on the other two cusps to generate a sequence of 2-bridge knots with waist sizes approaching
2 from below.
Nimershiem has proven that all the singly cusped manifolds obtained by one Dehn surgery on
a component of the Whitehead link have waist size no greater than 2. The (!5,1)-Dehn "lling
yields the sibling of the "gure-eight knot with waist size exactly equal to 2. See [10] for related
work. Note that a single cusp in the Whitehead link has waist size2, and that therefore "llings
can yield manifolds with waist sizes greater than or less than the waist size of the cusp in the
original manifold.
One might hope that the function w would be one-to-one on knots, however, this is not the case.
Many pairs of mutant knots have the same waist size. Although this phenomenon seems quite
common among mutant knots, it is not apparent that waist size must be preserved under mutancy.
It is unknown whether or not w is "nite-to-one on knots, but we will show that at the very least, for
any positive integer n, there are at least n distinct knots with the same waist size.
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Although in generic examples, the curve yielding the waist size of a hyperbolic knot complement
corresponds to a meridian, this is not always the case. Examples were "rst provided by Hodgson
and Weeks. (See [5]). More recently, Callahan has discovered examples where the meridian is the
third to shortest nontrivial curve in a maximal cusp boundary.
Note that there are numerous limit points of w(M) and w(K). Given any two-cusped mani-
fold, such that one of the cusps has a waist size of r,(p, q)-Dehn "lling on the other cusp as p#q
approaches R will yield singly cusped manifolds with waist sizes approaching r. For
instance, from the compilation of hyperbolic knot invariants in [3], one "nds an accumulation
point occurs at 1.2545682, corresponding to Dehn "lling a particular one of the two cusps on
either of the two-component link complements 9

or 9

(which have topologically distinct
complements).
The remainder of this section is devoted to background. Given a hyperbolic 3-manifoldM and
a maximal cusp C, the cusp lifts to an in"nite set of horoballs in the upper-half-space model of
hyperbolic 3-space with disjoint interiors and some points of tangency on their boundaries. This is
called the horoball packing corresponding to the cusp in the manifold. Each horoball touches the
boundary of hyperbolic space at a single point. This point is called the center of the horoball. For
convenience, we will choose the point at R to be the center of a horoball denoted H

that
covers the maximal cusp. We will normalize so that the boundary of this horoball is a plane at
height z"1. Since the maximal cusp touches itself, every horoball must be tangent to other
horoballs. In particular, there must be horoballs tangent to H

. These horoballs, which have
diameter 1, are called full-sized horoballs. When looking down at the x}y plane in the upper-half-
space model, we will see circles corresponding to the horoballs. In the case that the maximal cusp
has "nite volume, there is a Z#Z subgroup of parabolic isometries "xing R in the manifold
group, which has a parallelogram in the x}y plane for its fundamental domain. We can choose the
vertices of the parallelogram to occur at the center of four full-sized balls, all of which are identi"ed
by the cusp subgroup. The parallelogram, together with the circles corresponding to the horoballs
is called the cusp diagram. We choose the parallelogram so that one of its edges is along the shortest
translation of a parabolic isometry in the cusp subgroup. Thus, the Euclidean length of that edge in
this normalizedmodel is exactly w((M,C)). In what follows, that length is denotedw. We will denote
the corresponding parabolic translation by P.
In the case of a cusp with in"nite volume, there is a single parabolic isometry "xing R, again
denoted P, which generates the entire subgroup of the fundamental group "xing R. A funda-
mental domain for that subgroup is a strip of the x}y plane between two parallel lines. In either the
"nite volume or in"nite volume case, let  denote the fundamental group of the manifold realized
as a discrete group of isometries of hyperbolic 3-space and let 

denote the subgroup of
isometries in the fundamental group that "x R.
Note that when we refer to the distance between the centers of horoballs, this is a Euclidean
distance in the x}y plane that forms the boundary of the upper-half-space model of H. The radius
or diameter of a horoball is also a Euclidean distance where we have normalized so that the
full-sized horoballs have diameter 1. Any length measured in the horosphere given by the plane
z"1 is simultaneously a Euclidean and hyperbolic length.
Much of the remainder of this paper is an analysis of how the cusp diagram, as described thus far,
forces the existence of additional horoballs of varying diameters and distances from the full-sized
balls. Their existence forces up the width of the fundamental domain.
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Fig. 1. A link that generates two-bridge knots after surgery.
2. Background lemmas
Lemma 2.1. w(M) is not bounded above.
Proof. We "rst prove that there is no upper bound on the lengths of longitudes for hyperbolic knot
complements. It is enough to show this for two-bridge knots. A subset of two-bridge knots is
obtained by (1, p)-surgeries on the short trivial components in Fig. 1.
The link in Fig. 1 is a belted sum of Borromean rings (see [1]). The process of taking a belted sum
is performed by cutting each of the 2-manifolds open along a totally geodesic thrice-punctured
sphere and then gluing copies of the thrice-punctured sphere together to obtain a new manifold
with volume the sum of the volumes of the two manifolds. The operation preserves the hyperbolic
structure on two pieces and the cusps in the cut-open manifold never need to be shrunk back to "t
together. Hence, by performing enough belted sums of the Borromean rings, we obtain a link with
arbitrarily large cusp volume in one maximal cusp, while its meridianal length remains at 2. This
forces the speci"ed cusp to have an arbitrarily long longitude. For (1, p)-surgeries on the other
cusps, with high enough p coe$cients, we obtain two-bridge knots with hyperbolic structures
arbirarily close to the structure of the link complement. Therefore, there exist two-bridge knots
with arbitrarily long longitude curves in their maximal cusp boundary.
Now we apply the same construction mentioned previously, namely taking cyclic covers over
these knot complements such that the index of the cover is large enough to insure that the length of
the lift of longitude, which remains unchanged in the cover, is the shortest curve length in the cusp.
This yields manifolds with arbitrarily large waist size. 
Lemma 2.2. There exist an inxnite set of singly cusped hyperbolic 3-manifolds, all with volume
bounded by some constant, such that they all have the same waist size.
Proof. To see this, take the example that appears in the proof of Theorem 1(ii) in [9] of a manifold,
where the two cusps are geometrically isolated from one another. That is to say, Dehn "lling on one
cusp leaves the Euclidean structure on the other cusp una!ected. The proof in [9] relies on the fact
that there is a pair of totally geodesic rigid surfaces that shield one cusp from the other. As long as
we know that the maximal cusp does not protrude through these surfaces, we know that the
maximal cusp itself will be shielded from the deformations on the rest of the manifold, and
therefore, the waist size will be unchanged.
Rather than doubling B

as in [9], we can glue together a cyclic chain B

,2,B of k copies of
B

along their isometric boundary components, k even. This will be a k-cusped manifold, denoted
M

with one cusp C

in each B

. If after maximization in M

, C

intersects either of the two
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totally geodesic boundary components of B

, it will only extend a "nite distance into the rest of
the manifold. Choosing k large enough, we can insure that this maximized cusp does not intersect
B
	

. Note that surgery on the cusps other than C

and C
	

does not impact B

or
B
	

. Moreover, after high enough surgery on all of the cusps but C

and C
	

, the
maximized cusp C

will not intersect the copy of B
	

in the resultant manifold M. Now, since
any surgery on C
	

will deform only the copy of B
	

in the manifold, the maximal cusps
corresponding to C

in each of resulting manifold will all be isometric to one another. Thus,
in"nitely many singly cusped hyperbolic 3-manifolds, all coming from surgery onM, will have the
same waist size. All of them will have volume less than the volume of M by results in [12].
In fact, one can see from the computer program SNAPPEA that the maximal cusp correspond-
ing to the link component K in the link ¸ described in [9] does not intersect the totally geodesic
thrice-punctured sphere occurring in the link complement, and therefore k can be chosen to
be 2. 
Lemma 2.3. If three horoballs are pairwise tangent, the hyperbolic distance on each horoball between
the points of tangency is exactly 1.
Proof. For convenience, take one of the horoballs centered at R in the upper-half-space model,
with boundary the Euclidean plane of height z"1. Since the remaining two balls are tangent to it
and to each other, they must correspond to a pair of touching balls, each of diameter 1. Measuring
the distance on the boundary of the horoball centered atR between the two points of tangency,
the minimal path on the horosphere is a horizontal line segment of Euclidean length 1 and constant
Euclidean height 1. Hence, its hyperbolic length is 1. Since any other set of three pairwise tangent
horoballs can be sent to this set by an isometry, with any permutation on the balls, the lemma is
proved. 
Lemma 2.4. For any hyperbolic 3-manifold and any one orientable cusp C within it, w((M,C))*1.
Proof. Lift M to the upper-half-space model of hyperbolic 3-space, so that one horoball covering
the cusp C is centered at R and normalized so that its boundary is a horizontal plane given by
z"1. Denote it by H

. Since the cusp touches itself in the manifold, there must be a horoball
H

also covering C that is tangent to H

. As any parabolic isometry "xing R must move the
interior of H

o! of itself, we see by Lemma 2.3 that w((M,C))*1 for any such manifold M. 
Note that the above lemma can also be proved utilizing Shimizu's Lemma (cf. [7, p. 59]).
Lemma 2.5. For any positive integer N, there exists at least N distinct knots, all with the same waist
size.
Proof. Consider the link ¸ in Fig. 2, with complement M. Let the cusp corresponding to the
knotted component be denoted C

and the remaining cusp be denoted C

. Note that there is
a twice-punctured disk S punctured twice by C

, and such that its boundary corresponds to
a longitude ofC

. Such a thrice-punctured sphere can be realized as a totally geodesic surface in the
hyperbolic structure on the manifold.
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Fig. 2. A link with thrice-punctured sphere in its complement.
One can check using SNAPPEA that when C

is maximized, it only touches the totally geodesic
thrice-punctured sphere S at its punctures. But we will complicate the link to insure this is the case
without reference to SNAPPEA. If the maximized C

did intersect the thrice-punctured sphere
other than at the punctures, it can extend past S only a "nite distance. So we can cut the Borromean
rings complement open along a twice-punctured disk bounded by one of the components, cut
M open along S, and then insert enough copies of the cut open Borromean rings complement,
glued in with a twist as in Fig. 3, so that there is a twice-punctured disk S bounded by C

which
C

did not intersect at other than the punctures. Then high enough (1, p)-surgery on the new trivial
components that have been introduced will yield a 2-component link ¸ such that the maximal
C

does not intersect a twice-punctured disk S bounded by C

. We can choose the surgeries so the
resulting link component corresponding to C

is alternating.
Let the tangle obtained from the second component of ¸ when the complement is cut open along
S be called¹. Taking n copies of the tangle¹ glued cyclically end-to-end, with n odd, one obtains
a knot K that has many mutants obtained by cutting out tangles and #ipping them about
a north}south axis in the plane (Fig. 4).
The resulting knots are distinct up to obvious symmetries as all the projections obtained are
alternating without any possible #ypes. By [8], the corresponding knots must be distinct, unless
there is a cyclical permutation and/or inner-outer #ip that takes one projection to another.
Because the original knot K has an n-fold symmetry obtained by rotation by 2/n about the
geodesic at the center, the least area twice-punctured disks that are bounded by this geodesic and
that separate the tangles from one another are all isometric. The punctures in the least area
twice-punctured disks split into two types, depending on whether they are related through a power
of the n-fold symmetry of the manifold. The maximal cusp must intersect each least area disk in two
curves, one surrounding each puncture. The curves surrounding two punctures that are related
through the n-fold symmetry must be isometric. Thus, when a mutation corresponding to #ipping
a tangle left to right occurs, the cusps need no adjustment to "t together correctly at the punctures.
As n grows, the hyperbolic structure on the orbifold obtained by quotienting out by the n-fold
symmetry will be approaching the hyperbolic structure on the complement of the link ¸. Hence, for
large enough n, no horoball covering the maximal cusp will intersect the least area disks other than
a horoball corresponding to a puncture. So no additional shrinkage or expansion of the cusp
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Fig. 3. High surgery on trivial components yields appropriate link.
Fig. 4. A knot with many distinct mutants.
caused by interference to the other side of the twice-punctured least area disks will occur.
Therefore, no adjustment in the waist size of the maximal cusp will occur under mutation and all of
the mutants will have the same waist size.
The following lemmas are technical, and will be used in the proof of the upcoming theorem. For
convenience, let w represent the length w((M,C)). We assume that we have normalized H so that
the horosphere centered at R is given by the plane z"1, and the full-sized horoballs have
diameter 1. The cusp diagram will then have the projections of the full-sized balls with diameter 1.
We can choose a parallelogram as a fundamental domain for the cusp subgroup such that w is the
length of two opposite sides. We can also choose the fundamental domain so that one of the
centers of the projection of a full-sized horoball occurs at a vertex. Then there will be a projection
of a full-sized horoball centered at each vertex, all equivalent under the action of the cusp
subgroup.
Lemma 2.6. Up to the action of 

, every horoball other thanH

has a horoball of the same diameter
paired to it, which is called its associated horoball.
Proof. Given a horoballH, there must be an isometry I in the fundamental group  that takes that
horoball toH

. That same isometry must takeH

to a unique (up to the action of 

) horoballH
with the same diameter as H. Similarly I makes H the associated horoball to H. 
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Lemma 2.7. If there exists a horoball H

of diameter b with center a distance c from the center of
a full-sized horoballH

in the horoball packing, then there exists a horoballH

of diameter b/c, with
center a distance 1/c from the full-sized ball associated to H

.
Proof. This follows by applying the isometry I that takes H

to H

and H

to the full-sized
horoball associated to H

. That isometry will take H

to the desired horoball. One can see this
most easily by rotating 1803 about a semi-circular geodesic of Euclidean radius c which peaks over
the center of H

and which has one endpoint at the center of H

. This preserves H

and sends
H

to a horizontal plane at height c. Renormalizing that plane to height 1 gives the result. 
Lemma 2.8. Given a horoball H of diameter k in the horoball packing, both it and its associated
horoball H have a pair of horoballs on either side of them with centers at a distance k/w from the
centers of H and H, and with diameter (k/w). The line segment between the centers of the pair
associated toH passes through the center ofH and is parallel to the line segment between the centers of
the pair associated to H which passes through the center of H.
Proof. The horoballH has two equivalently sized balls on either side of it obtained by applying the
parabolic isometries P and P to it. There exists an isometry J that takesH toH

andH

toH.
This will send P(H) and P(H) to the horoballs in the conclusion of the statement of the lemma.
To see this, temporarily place a horizontal horosphere ¸ at height z"k. It touches all three
horoballs H, P(H) and P(H) on their peaks. Now, rotating 1803 about a geodesic that has
Euclidean radius k and peaks over H, it will send H to H

and H

to H. It will send ¸ to
a full-sized horoball and will send P(H) to a horoball touching this full-sized horoball but with
center a distance k/w from the center of H. It is straightforward to check that the diameter of this
ball is (k/w). 
Lemma 2.9. Given a horoball packing corresponding to a maximal cusp, up to the action of the cusp
subgroup:
(i) There exist at least two distinct full-sized horoballs, and full-sized horoballs always come in pairs.
(ii) Each full-sized ball has at least two balls tangent to it, called 1/w-balls, each of diameter 1/w,
such that the full-sized ball is centered at the midpoint of a line segment of length 2/w in the x}y plane
and such that the endpoints of the line segment are the centers of these two 1/w-balls. The line segments
corresponding to the 1/w-balls for a pair of associated full-sized balls are parallel.
(iii) Each 1/w-ball has a ball tangent to it, called a 1/e-ball.
Proof. Conclusions (i) and (ii) follow immediately from Lemmas 2.6 and 2.8 respectively. It remains
to prove (iii). Each full-sized ball H

has two 1/w-balls tangent to it. Given a particular one of the
two 1/w-balls, call it H

, let H

be the full-sized ball that is a translation by w of H

and that has
center the shortest distance, call it e, from the center of the 1/w-ball. When H

is sent to H

by an
isometry takingH

to a full-sized ballH

, Lemma 2.7 implies that the 1/w-ballH

is sent to a ball
H

of diameter 1/we, which is tangent to a 1/w-ballH

, with the center ofH

a distance 1/e from
the full-sized ballH

, and a distance 1/we from the center ofH

. Note that the triangle formed by
the centers of H

,H

and H

is similar to the triangle formed by H

, H

and H

. 
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3. The 5gure-eight knot complement
Theorem 3.1. The only cusp in an orientable non-elementary hyperbolic 3-manifold with waist size 1 is
the single cusp in the xgure-eight knot complement.
Proof. LetC be a maximal cusp in a hyperbolic 3-manifold with waist size 1. We will work from the
cusp diagram, and label geodesic edges in the universal cover. Each of the labels will represent an
equivalence class of edges inH, such that all edges in a given equivalence class are identi"ed by the
action of  to a single edge in the manifold. Let P be a parabolic isometry corresponding to the
waist size that "xes R and translates points in the boundary of H

a distance 1. Since there is
a horoballH

corresponding to the same cusp and tangent to the horoballH

, it can be translated
by P to yield a second horoball P(H

) which is tangent to both H

and H

. Choose a vertical
geodesic edge labelled A that passes through that point of tangency ofH

andH

and that has an
upward orientation. Applying P to that edge yields a second upward pointing edge labelled A such
that these two edges together with the edge connecting their bottom endpoints form an ideal
triangle. Label the bottom edge B and give it an orientation in the direction of motion of P.
Note that by applying P to the edge labelled B, we produce a second edge labelled B, this one
pointing intoH

. By Lemma 2.3, these two B edges pass through the boundary ofH

a distance of
1 from its tangency point with H

, on opposite sides.
Since the image in the manifold of each edge class must be an edge in the manifold that both
enters and leaves the cusp, there must also be a vertical edge in the cusp diagram that is labelled
A and oriented downward. LetH

be the full-sized horoball centered at the bottom endpoint of this
vertical edge.
Since the two edges labelled A are in the same equivalence class, there is an isometry I in the
fundamental group identifying the upward pointing vertical edge labelled A to the downward
pointing vertical edge labelled A. Hence it takes H

to H

and H

to H

.
However, the two edges labelled B that pass through the boundary ofH

will be sent by I to two
vertical edges in the cusp diagram with their lower endpoints collinear with the lower endpoint of
the downward pointing edge labelled A, and the three lower endpoints a distance 1 apart in
sequence, one labelled B and pointing up, one labelled A and pointing down and the third labelled
B and pointing down. The two horoballs at the bottom endpoints of the B edges are both 1/w-balls
tangent to H

. In our situation, w"1, so they are both full-sized balls. Note that these two
full-sized balls cannot be P(H

) and P(H

), since if they were, the two vertical edges labelled
B that had endpoints at their centers and had opposite orientations would be identi"ed by P. This
would imply the existence of an isometry in the group that had a "xed point, a contradiction.
Similarly, applying the parabolic isometry P to the downward pointing vertical edge labelled A,
we obtain a second ideal triangle. Label the bottom edge C with an orientation in the direction of
motion P. Just as occurred for the edge labelled B, there will be two vertical copies of the edge
labelled C, one oriented up and one oriented down, on opposite sides of the upward pointing
vertical edge labelled A, each of which is a distance one on the boundary of H

from the edge
labelled A. The two horoballs centered at the endpoints of these two edges are again 1/w-balls,
which means here that they are full-sized balls. Moreover, by Lemma 2.9(ii), the line segment in the
x}y plane with endpoints at the ends of the two vertical B edges is parallel to the the line segment
with endpoints at the ends of the two vertical C edges.
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Fig. 5. The cusp diagram at this point.
Applying P to the upward pointing vertical edge labelled B, we create another ideal triangle.
Label its bottom edge by D. Then, after applying P to this edge, we see there must be two vertical
edges labelled D, one pointing up and one pointing down, that are exactly at a distance 1 on the
boundary of H

from the downward pointing vertical edge labelled B, such that the three
endpoints of these vertical geodesics in the x}y plane are collinear. However, that implies the need
to squeeze two full-sized balls on opposite sides of the ballH

at the base of B. As before, neither of
the two full-sized balls corresponding to the vertical D edges can be identi"ed with P(H

) or
P(H

) as that would generate a covering translation with "xed point. But H

is touching P(H

),
P(H

) and H

, and the balls P(H

) and P(H

) are on either side of H

. Hence, the ball at the
base of either the upward pointing or the downward pointing D edge must in fact be one of
H

,P(H

) or P(H

). In particular, this means that the D equivalence class of edges is identical to
the A equivalence class of edges. Hence the upward and downward pointing vertical edges labelled
Dmust in fact be upward and downward pointing A edges. Since there is only one of each of these
up to the action of the cusp subgroup, we see that the B-A-B chain of vertical edges, all in a row and
all separated by a distance of 1 in the x}y plane can be extended to a B-A-B-A chain, with the new
A edge pointing up. However, since this newA edge in the chain has twoC edges on either side of it,
with the line segment between their bases parallel to the line segment between the bases of the
B edges, it must be the case that a C edge is also a B edge, meaning that the B and C equivalence
classes are identical. Thus, the chain now appears as B-A-B-A-B where the "rst and last B edge are
identi"ed by the cusp subgroup. Hence, the cusp diagram must appear as in Fig. 5, and the cusp
cannot be in"nite volume.
266 C.C. Adams / Topology 41 (2002) 257}270
Call an edge vertical if it is parallel to the z-axis. A vertical edge is represented in the cusp
diagram by a dot if it points up out of the x}y plane and an x (for the tail of the arrow) if it points
down into the x}y plane.
Let  be the angle as it appears in Fig. 5. Since the pattern of Fig. 5 repeats continually under
translation by P and P, and after re#ecting if necessary, we can assume that the angle  is
between /3 and /2. We will prove that  must be /3 or /2.
There is a triangle in the cusp diagram, with two edges of length 1 and one edge of length e as in
Fig. 5. The existence of e forces the existence of a 1/e-ball, as in Lemma 2.9 (iii). The 1/e-ball has
diameter 1/e, with center a distance 1/e from the center of H

. If "/3, then e"1, and the
1/e-ball can be one of the existing full-sized balls. Otherwise, as horoballs cannot overlap in their
interior, there is no room for this additional horoball unless e"2, and "/2, making just
enough room for a 1/e-ball of diameter 1/2 to "t in between the full-sized balls, having points of
tangency with four of them.
We will show that "/2 cannot correspond to a manifold. Two ideal triangles share an
upward pointingA edge (denoted g

) with one endpoint at x and the other at R. Each triangle
is bounded on the bottom by a B edge and along its second vertical edge by either P(g

) or
P(g

). For each triangle, all three of the horoballs at its ideal vertices are pairwise tangent. The
isometry I takes them to a pair of ideal triangles sharing the downward pointing vertical A edge
ending at the point y in the x}y plane and denoted g g

. Each of their second vertical edges
corresponds to one of the two vertical B edges that are a distance of one on the horosphere
bounding H

from its intersection with g

. In particular, these two ideal triangles must be
bounded byA edges on the bottom, pointing intoH

. Similarly, there must be twoA edges pointing
out of H

with their other endpoints at the bases of two oppositely directed vertical B edges which
are a distance of one on the horosphere bounding H

from its intersection with g

.
Let K be the isometry that takes the upward pointing B edge g
	
to the downward pointing
B edge, g
	
, and let z be the endpoint of the downward pointing B edge. Then K must take the
A edge sharing an endpoint with the base of g
	
and oriented toward that endpoint to g

.
However, this means that P(g
	
) and P(g
	
) are sent by K to edges labelled B, both pointing
into z, and both having projections parallel to the direction of motion of P. However, then
P identi"es one with the other but with reverse orientations. This implies that there is a covering
translation that "xes a point in H, a contradiction.
Thus the angle  is equal to /3. This forces the cusp diagram at the level of the full-sized
horoballs to resemble the cusp diagram for the "gure-eight knot complement, and the parabolic
subgroup "xing R to be identical to the corresponding subgroup for the "gure-eight knot
complement. We now prove that the only possibility for the manifold is the "gure-eight knot
complement.
Label the ideal tetrahedra above each of the triangles in the cusp diagram by ¹

,2,¹ as in
Fig. 6. LetC be the cusp in the manifold covered byH

. The isometry I is the one that identi"es the
leftmost vertical upward pointing A edge in the diagram, g

, to the leftmost vertical downward
pointing A edge, g

. The isometry K is the one that identi"es the leftmost upward pointing
vertical B edge in the diagram, g
	
, to the leftmost downward pointing vertical B edge, g
	
.
To begin, we assume only that we know the labellings on the vertical edges as forced on us by our
previous arguments.We would like to determine the labellings and orientations forced on us for the
non-vertical edges which appear in the diagram. For convenience, we call them horizontal edges.
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Fig. 6. Edge labellings forced by isometries I and K.
Note the fact that each end of the A and B edges appears as a label on an edge intersecting
H

implies that the horoballs centered at the other ends of these vertical edges must all be
identi"ed to H

by isometries in the fundamental group of the manifold.
We will assume that the southernmost horizontal edge in the diagram, call it g
		

, is labelled
B and oriented left to right. The only other possibility is that it is a B edge oriented right to left. If
that were the case, we could rotate by  about g

and then reverse the orientation on all B edges,
to obtain the diagram we are assuming (after selecting a new fundamental domain), so the result
will be isometric.
The isometry I must map the g
		

edge to g
	
or P(g
	
). In the second case, it then
follows by considering the image under I of the downward B edge which is below and to the left of
g

that the horizontal edge between g

and g
	
is a B edge oriented toward the g
	
edge.
However, if we examine the horoball at the bottom of the g
	
edge, we see that it has a B edge
entering it and a B edge leaving it, such that the two edges are separated by a distance of 1 on the
surface of the horoball. This does not occur on H

, a contradiction. Thus I must map g
		

to
g
	
. Applying I and I to the vertical edges, this immediately allows us to determine the labels
and orientations on the six horizontal edges in the plane that share the endpoint at the bottom of
g

and on the six horizontal edges that share the endpoint at the bottom of g

. There remain
only two unlabelled edges in the diagram, those being the horizontal edges running from g
	
to
P(g
	
) and from g
	
to P(g
	
). However K is completely determined by the labellings we
have, and it immediately yields the last two labels as in Fig. 6.
With these labellings, and the fact horoballs must go to horoballs, it must be the case that Imaps
¹

to ¹

, and P(¹

) to ¹

. The map K takes ¹

to ¹

, ¹

to ¹

, ¹

to ¹

,P(¹

) to
P(¹

),P(¹

) to P(¹

) and P(¹

) to P(¹

). Thus, all eight of these ideal tetrahedra are
identi"ed to either ¹

or ¹

by isometries in the fundamental group. Note that all other ideal
tetrahedra that intersect H

are identi"ed to one of these eight by parabolic isometries and hence
also to ¹

or ¹

.
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Fig. 7. Identi"cations on ideal tetrahedra that yield the "gure-eight knot complement.
The horoball packing gives a decomposition of hyperbolic space into ideal regular tetrahedra
with vertices at the center of horoballs and edges dual to points of tangency of horoballs. Since
horoballs must go to horoballs, all ideal tetrahedra in the decomposition must be moved by
isometries in the fundamental group to either exactly coincide with another tetrahedron or to have
disjoint interiors.
If any other tetrahedron has an ideal vertex corresponding to C, it will be identi"ed with
a tetrahedron that intersectsH

and therefore with ¹

or ¹

. In particular, this means that all of
its ideal vertices must correspond to C. Thus, the only other type of tetrahedron that might appear
is one with all four vertices corresponding to other cusps. However, then the set of all such
tetrahedra could never touch the set with all vertices corresponding to the cuspC, and therefore the
union of all of the tetrahedra would be disconnected, a contradiction. Thus, all tetrahedra are
identi"ed with either ¹

or ¹

. If any point in the interior of ¹

were to be identi"ed to a point in
the interior of ¹

, then the two tetrahedra would have to be identi"ed with one another since any
isometry in the fundamental group preserves the horoball packing. However, to avoid "xed points
in the covering translations, this would force a pair of faces on the boundary of the resulting
tetrahedron to be identi"ed by an orientation-reversing isometry, a contradiction to the fact the
resulting manifold must be orientable. If any point in the interior of ¹

were identi"ed to another
point in the interior of ¹

, then the tetrahedron¹

would have to be identi"ed with itself, sending
vertices to vertices. However, this would mean that the identifying isometry had "xed points,
a contradiction to its being a covering translation.
Thus, ¹

and ¹

form a fundamental domain for the action of the group on H. From the
identi"cations for the eight tetrahedra, ¹

and ¹

inherit facial identi"cations as in Fig. 7. The
resulting manifold is well-known to be the "gure-eight knot complement (cf. [12]).
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